Abstract In this paper, a reduced-order model (ROM) based on the proper orthogonal decomposition and the discrete empirical interpolation method is proposed for efficiently simulating time-fractional partial differential equations (TFPDEs). Both linear and nonlinear equations are considered. We demonstrate the effectiveness of the ROM by several numerical examples, in which the ROM achieves the same accuracy of the full-order model (FOM) over a long-term simulation while greatly reducing the computational cost. The proposed ROM is then regarded as a surrogate of FOM and is applied to an inverse problem for identifying the order of the time-fractional derivative of the TFPDE model. Based on the LevenbergMarquardt regularization iterative method with the Armijo rule, we develop a ROM-based algorithm for solving the inverse problem. For cases in which the observation data is either uncontaminated or contaminated by random noise, the proposed approach is able to achieve accurate parameter estimation efficiently.
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Introduction
Although being "invented" around the same time as the conventional calculus, fractional calculus did not attract much attentions of researchers until very recently. Due to the nonlocal nature of fractional integral or differential operators, the numerical schemes for solving fractional partial differential equations (FPDEs) give rise to dense stiffness matrices and/or long tails in time or a combination of both, which results in high computational complexity and large memory requirements. This is one of the main reasons why FPDE models have not been widely used. However, it has been shown recently that fractional integrals and derivatives possess better modeling capabilities for describing challenging phenomena in physics, material science, biology, stochastic computation, finance, etc.; see, for example, [3, 15, 16, 26, 27, 28, 29, 32, 33] .
In particular, time-fractional partial differential equations (TFPDEs) are typically used to model subdiffusion phenomena. Because of the fractional time derivative of the state variable in the model, a solution at a time instance t is related to the solution at all the time previous to t. Thus, the corresponding numerical schemes would yield a long-tail in time. As a result, the numerical simulation by classical numerical methods could become too expensive to be feasible, especially in problems requiring long time modeling and of large scales. Hence, in terms of computational complexity and memory requirement, it is of great importance to seek efficient and reliable numerical techniques to solve the TFPDEs. So far, there are few publications for developing fast algorithms of the TFPDEs: for example, in [21, 23] , based on the block lower triangular Toeplitz with tri-diagonal block matrix resulting from the finite difference discretization, an approximate inversion method and a divide-and-conquer strategy are developed respectively; a parareal algorithm combined with the spectral method is presented in [40] ; and in [44] , several second-order in time fast Poisson solvers for high-dimensional subdiffusion problems are proposed to reduce the computational complexity in physical space.
One of the main challenges in applying TFPDEs is to identify certain free parameters of the model. For example, the fractional order of TFPDEs is typically related to the fractal dimension of the media and is usually unknown a priori [17, 27] . The related identification process can be formulated as an inverse problem: given some experimental data, to find the parameter value by minimizing the difference between the numerical output of TFPDEs and data under certain norms. Some research has been done in this direction: for instance, Liu et al. [12] proposed a fast finite difference scheme for identifying the fractional derivative orders of two-dimensional (2D) space-fractional diffusion model; Zhuang et al. [42] considered a time-fractional heat conduction problem for an experimental heat conduction process in a 3-layer composite medium and the time-fractional order was numerically identified by the Levenberg-Marquardt (L-M) method; Cheng et al. [13] presented a theoretical proof for the uniqueness of the diffusion coefficient in an inverse problem of one-dimensional (1D) time-fractional diffusion equation; Jin et al. studied an inverse problem of recovering a spatially varying potential term in a 1D time-fractional diffusion equation in [20] ; Wei et al. [38] proposed a Tikhonov regularization method for solving a backward problem of the time-fractional diffusion equation; and a coupled method was developed to solve the inverse source problem of spatial fractional anomalous diffusion equation in [39] .
Overall, tackling the inverse problems through an optimization approach would involve many runs of the forward problems, which solves the TFPDEs at different values of the parameters. Since the forward problem simulation is already computationally expensive, the optimization process could become computationally prohibitive. To overcome this issue, model reduction techniques, such as proper orthogonal decomposition (POD), balanced truncation method, reduced basis method and related variations, and CVT-based approach ( [2, 6, 18, 25, 31] ), have a great potential. In this paper, we propose a reduced order modeling approach for TFPDEs by using the POD method and the discrete empirical interpolation method (DEIM). The POD has been widely used in providing a computationally inexpensive, yet accurate surrogate model for large-scale simulations of PDEs (for example, [5, 7, 14, 18, 19, 22, 35, 37] ). The main idea of the POD is to extract a handful of optimal, global basis functions from given snapshots and obtain a reduced-order approximation on the subspace spanned by the basis set. Since the dimension of the resulting system is low, the computational cost could be greatly reduced. When systems involve non-polynomial nonlinearities, the DEIM could be used to further reduce the computational complexity for evaluating the nonlinear terms [10] . To our knowledge, the performance of POD/DEIM has not been well investigated in the context of FPDEs. Thus, in this paper, we first develop a POD/DEIM reduced-order model (ROM) for TFPDEs; and then design a ROM-based optimization strategy for the parameter identification problem.
The rest of the paper is organized as follows. In Section 2, we present a model problem governed by TFPDEs and develop a full-order model (FOM) by using finite difference approximations. In Section 3, we construct the POD/DEIM ROM and test its numerical performance. Several numerical experiments show that the ROM yields accurate approximation over a long-time simulation, hence it provides a natural, efficient alternative model of the TFPDEs in practice. In Section 4, an inverse problem for identifying the order of the fractional derivative of TFPDEs is presented, which is then formulated as an optimization problem. Taking the POD/DEIM ROM as a surrogate, the optimization problem is then solved by an algorithm combining an L-M regularization iterative method and the Armijo rule. We carry out numerical experiments in Section 4.2, which demonstrate the effectiveness and efficiency of the proposed method. A few concluding remarks are drawn at the last section.
The Full-Order Model
In this paper, we consider the following time-fractional diffusion-reaction partial differential equation
where
is the Caputo fractional derivative of order β (0 < β < 1) defined by (see [32] 
µ(x) is a diffusion coefficient that is bounded from below and above by
) is a nonlinear reaction term that depends on the unknown u(x, t) and f (x, t) accounts for external source and sink, u 0 (x) a prescribed initial data. To shorten our presentation, in the following, we consider the 1D case, i.e., d = 1. However, higher dimensional cases can be treated in a similar manner.
To seek a numerical solution to the TFPDE (1), we use a finite difference scheme 
As pointed out in [24] , the Caupto fractional derivative (2) can be approximated by the L1 scheme as follows:
with the following properties:
Indeed, other methods such as Grünwald-Letnikov scheme can also be used here to approximate the Caputo fractional time derivative, the proposed reduced-order modeling can be naturally extended to them. Meanwhile, the 1D diffusion operator in (1) can be approximated by the standard centered-difference scheme ∂ ∂x µ ∂u ∂x
⊤ , we can write the finite difference scheme (6) into the following matrix-vector formulation.
where I N is the identity matrix of order N , and A is a tri-diagonal stiffness matrix of order N such that
When g(u) = 0, the system (7), named the FOM, is a tri-diagonal linear system of order N . It can be directly solved using Thomas algorithm in O(N ) flops per time step. The total computational complexity for the full-order simulation is O(M 2 N ) flops. The required memory storage is O(M N ) due to the nonlocal property of the time-fractional derivative.
When g(u) = 0, the system is nonlinear. To find a solution, we apply GaussNewton iterative method at each time step. The Jacobian of the system (7) is
and
the Gauss-Newton method finds the search step d l at the l-th iteration satisfying
and update the approximation
till a prescribed tolerance is satisfied. Note that the linearized system (12) is a tri-diagonal system of order N , which can also be solved by the Thomas algorithm in O(N ) flops per iteration. Thus, the computational complexity for the full-order simulation is O(M 2 N K) flops, where K is the total number of Newton iterations used in the simulation.
The POD/DEIM Reduced-Order Model
For the purpose of real-time control or optimizations, the full-order model (7) needs to be simulated for many times at different values of control inputs or parameters. To obtain an efficient yet reliable surrogate model, we develop a POD reduced-order model for the TFPDEs in this section.
The POD Method
Let the L 2 (Ω) space be endowed with inner product (·, ·) and norm · 0 . Assume that the data V (so-called snapshots) is a collection of time-varying func-
, that optimally approximates the data. Mathematically, for any positive r, the POD basis is determined by minimizing the error between the data and its projection onto the basis, that is,
subject to the conditions that (ϕ i , ϕ j ) = δ ij , 1 ≤ i, j ≤ r, where δ ij is the Kronecker delta. This is equivalent to finding the basis function ϕ(x) that maximizes the ensemble average of the inner product between u(x, t) and ϕ(x):
In the context of the calculus of variations, the functional of this constrained variational problem is
and a necessary condition for extrema is that the functional derivative vanishes for all admissible variations ψ(x) ∈ L 2 (Ω) and any ǫ ∈ R:
It can be shown that the POD basis {ϕ 1 , . . . , ϕ r } is the first r dominant eigenfunctions of the integral equation
where the kernel is the averaged autocorrelation R(x,
For more details on POD, the reader is referred to [18] .
Once the POD basis functions are obtained, the state variable u(x, t) can be approximated by
⊤ . By substituting u r into the equation (1), we get a reduced-order approximation
Remark 1 We need to consider the finite dimensional case in numerical simulations, in which the snapshot matrix U = [u 1 , . . . , u n s ] ∈ R N ×n s . The j-th column of U is the trajectory u j at a particular time instance t j and at certain parameter values. Then the POD method seeks a low-dimensional basis by minimizing the mean square error in 2-norm between the snapshot data and its projection onto the basis, that is,
where the POD basis matrix Φ = [φ 1 , . . . , φ r ] ∈ R N ×r and I r is an r × r identity matrix. The POD basis is typically the first r left singular vectors of the snapshot matrix U. Assume the associated i-th dominant singular value is σ i , the POD truncation error satisfies
where d is the rank of the snapshot matrix U.
The DEIM Approximation
Because the nonlinear term in ROMs needs to be evaluated at all the grid points, the computational complexity of the reduced-order simulation still depends on the total number of degrees of freedom. Therefore, the discrete empirical interpolation method was developed to reduce such computational cost [10] . It has been successfully applied in many nonlinear ROMs [8, 9, 10, 34, 43] . In general, it employs the following ansatz on a nonlinear function F (u(x, t)):
where ψ j (x) is the j-th nonlinear POD basis obtained by applying the POD method on the nonlinear snapshots. Define the nonlinear POD basis vectors Ψ = [ψ 1 , . . . , ψ s ] ∈ R N ×s , the DEIM optimally selects a set of interpolation points
⊺ as shown in Algorithm 1, in which e ℘ i be the ℘ i -th column in the identity matrix. The DEIM approximation of the nonlinear term
where P = [e ℘ 1 , . . . , e ℘ s ] ∈ R N ×s is the matrix for selecting the corresponding s indices ℘ 1 , . . . , ℘ s . For a detailed description of the DEIM method, the read is referred to [10] .
In what follows, we will consider a full discretization of the POD/DEIM ROM and regard the order of fractional diffusion, β, as a parameter, which belongs to the domain [β, β] ⊂ (0, 1). To construct a discrete ROM, we first select several representative samples β 1 , · · · , β k in the parameter space and solve the corresponding full-order models respectively. For example, we choose the samples uniformly in the parameter space and use the same grid for the spatial discretization in all the full-order simulations. The snapshot set is then composed of the corresponding numerical solutions at selected time instances. Depends on the choice of time integration in each simulation, the number of snapshots for parameters β j could be different. Define the number of snapshots for the parameter β j to be M j , and denoted by u m,β j the vector values of u(·, t m ) for m = 1, . . . , M j . Let the snapshot matrix
and the nonlinear snapshot matrix
Correspondingly, the POD basis matrix Φ ∈ R N ×r and the nonlinear POD basis matrix Ψ ∈ R N ×s . We use the same symbol a to denote the unknown POD basis coefficient a(t) = [a 1 (t), . . . , a r (t)] ⊤ , then the POD approximation u r (t) = Φa(t). With the same numerical discretization as (7), we use the POD method and the DEIM approximation (22) , and construct the POD/DEIM ROM as follows.
where a m := a(t m ).
Multiplying Φ ⊤ on both sides of the above equation and using Φ ⊤ Φ = I r , we have the following Galerkin projection-based POD/DEIM ROM
for m = 1, · · · , M and initial condition a 0 = Φ ⊺ u 0 . The Gauss-Newton iterative method can also be used to solve the POD/DEIM ROM (24) for a m . The Jacobian matrix of the ROM reads
The Gauss-Newton iterative algorithm, at the l-th iteration, finds the step sizẽ d (l) and update the solution a m (l+1) as follows:
For each iteration, it takes O(r 3 + rs + mr) flops to solve (27) . The simulation requires a total memory storage of O(M r + s). Comparing with the FOM, the POD/DEIM ROM (24) is computationally more competitive since r, s ≪ N , especially, for problems requiring repeated large scale simulations in control and optimization applications.
Verification of ROMs
The goal of this subsection is to test the numerical performance of the reducedorder model for the TFPDEs. Both linear and nonlinear equations are considered. The error at the final time in the discrete L 2 norm is used for the criterion, that is, for any u, v
For cases in which exact solution u is known, we compare the full-order approximation errors, u − u h , with the reduced-order approximation error, u − u h,r . For cases in which exact solution is unknown, we compare the difference between the full-order solution and reduced-order solution, u h − u h,r .
Test I. In this test, we consider the 1D linear TFPDEs with g(u) = 0, µ(x) = 1+x, and the exact solution depends on the parameter β that is given by
The corresponding source term
Assume a prescribed range of the parameter β ∈ (0, 1). To construct the ROM, we first solve the FOM at several sampling parameters. We uniformly select β = 0.2, 0.4, 0.6, 0.8 for simplicity. In these simulations, mesh size h and time step ∆t are taken as 1/64. The obtained solutions are collected as snapshots and the POD basis functions are obtained correspondingly. The first four basis functions are shown in Figure 1 . These basis are then used to derive the r-dimensional ROM (24) . Note that the ROM is linear since g = 0. It is observed that r = 2 yields accurate reduced-order approximations. The numerical performance of r-dimensional ROMs is investigated at different values of β, including both the samples and non-sample points. The numerical errors when t = 1 of the FOM, u − u h , and the 2-dimensional ROM, u − u h,2 , are listed in Table 1 . It is observed that the reduced-order solutions achieve the same accuracy as that of the FOM; and the reduced-order approximations have the same order of accuracy at all the tested parameter values. To study a long term behavior of the ROM, we change the final time to be T = 10. The results at t = 10 are listed in Table 2 , which shows that the ROM is also competitive even for long time modeling.
Test II. In this test, we consider a 1D nonlinear TFPDE model with g(u) = sin(u), µ = 0.05 and an analytic solution The related source term is From the preceding two numerical tests, we demonstrate that the POD/DEM ROM (24) yields a reliable approximation, thus could be regarded as an alternative model for TFPDEs.
Parameter Identification
Many application problems demand the identification of parameters of mathematical models. A typical example is the order of time derivative β in the TFPDEs, which is not known a priori. Therefore, one obtains certain measurements through physical/mechanical experiments, and uses the data to calibrate the parameters in the mathematical model. This is an inverse problem: given the source function f (x, t), the initial value u 0 (x) of the TFPDE (1), and certain observation (or desired) data such as values of the state variable g at the final time, one seeks for the order β of the time-fractional PDE. In this section, we formulate the inverse problem as an optimization and develop a Levenberg-Marquardt regularization method (see, [11, 30, 36] ) to iteratively identify the parameter. It is known that the inverse problem usually requires a multiple runs of the forward problem, in which the parameter is chosen and the TFPDE is solved. Considering the computational cost of the forward problem is already high, the inverse problem could become infeasible. Therefore, we use the POD/DEIM ROM developed in Section 3 as a surrogate model and design an efficient ROM-based optimization algorithm for parameter identification.
L-M Regularization Method
The parameter identification of β can be formulated as follows: to find β inv satisfying
where g i is the value of observations g at the point x i . An iterative algorithm such as Newton method with line searching could be employed to find the solution of (31) . Basically, the Newton algorithm for minimizing (31) uses the first and second derivatives of the objective function F (β):
where k represents the kth iteration. It is easy to check that (32) is equivalent to solve
where r k = (r 1 , · · · , r N ) ⊤ with r i = u(x i , T ; β) − g i and
Note that in practice, one may use the finite difference u(x i ,T ;β+δ)−u(x i ,T ;β) δ with a small enough δ to approximate the derivatives in (34) .
However, the Newton method may fail to work because of J ⊤ k J k may be nearly zero. Therefore, the search direction
A common technique to overcome this problem is the L-M algorithm (or Levenberg algorithm since a single parameter case is considered in this paper), which modifies (33) by introducing some regularity:
where α k is a positive penalty parameter. The method coincides with the Newton algorithm when α k = 0; and it gives a step close to the gradient descent direction when α k is large.
Algorithm 4.1. ROM-based parameter identification algorithm. Given the observation data g and other information of the TFPDE; Offline. Select some samples in the parameter space [β, β] ⊂ (0, 1) and solve the FOM problem (7) respectively, and construct ROM (24) by using the r POD basis functions. Online. Given an initial guess β 0 and choose ρ ∈ (0, 1), σ ∈ (0, 1 2 ), α 0 > 0 and δ small enough. For k = 0, 1, · · · , Kmax ⋄ Step 1. Solve the ROM problem (24) corresponding to β k and β k + δ respectively to obtain ur(·, T ; β k ) and ur(·, T ; β k + δ) . ⋄ Step 2. Compute J k and r k , and update the search direction
Step 3. Determine the search step ρ m by the Armijo rule: The proposed approach of the inverse parameter identification is summarized in Algorithm 4.1, which includes the details of the L-M method. In particular, the Armijo rule [1] in Step 3. of the online process, known as one of the inexact line search techniques, is imposed to ensure the objective function F has sufficient decent. Other rules and related convergence theory can be found in [36] .
Numerical Experiments
Next, we test the proposed method for numerically identifying the parameter β. Denoted by β * the exact order of the time-fractional derivative in (1), β 0 an initial guess for the optimization and β inv the numerical finding. Let 'Itr.' be the number of iterations, and 'CPU time' represent the online time for implementing Algorithm 4.1.
To test the algorithm, we take the observation data g to be the solution of FOM (7) at t = T when fractional derivative is β * . Since the realistic data may be contaminated by noise, we also consider cases in which the data has a small random perturbation, i.e.,
for i = 1, · · · , N , where ǫ is the noise level and randn represents the random noise generated by the standard normal distribution. Assume β ∈ (0, 1) and β * = 0.75. In the following tests, we use a fourdimensional (r = 4) ROM generated offline based on the full-order solutions corresponding to β = 0.2, 0.4, 0.6, 0.8; and select the parameters α 0 = 1, ρ = 0.75, σ = 0.25, δ = 10 −3 , and Tol = 10 −7 in the online process. Test cases in 1D and 2D spatial domains are considered.
One Dimensional Cases
We revisit some examples used in Section 3. The space-time domain is chosen as Table 5 . For cases in which the data is uncontaminated and contaminated by random noise at a relative 1%-level, we plot the change of parameter errors and values of the objective function with respect to the number of iterations in Figures 3-4 , respectively. Note that different random noises are imposed for each run of the algorithm, thus, the data to be used is different in every inverse problem when the initial guess changes. Therefore, we can see that, for example, in the 1%-level case with the initial guesses 0.1 and 0.3, the outputs β inv are different. It is seen that (i) the proposed algorithm achieves a close approximation of the desired parameter β * for different initial guesses, in particular, β 0 = 0.1 and 0.9 are beyond the range of sampling set; (ii) the optimization process takes only a few iterations to reach the tolerance; (iii) When the observation data g is contaminated by random noise, it can still produce satisfactory results but with a relatively low error accuracy compared with the uncontaminated case. For example, if the initial guess β 0 = 0.7, the numerical observation β inv equals to 7.5000 × 10 −1 , 7.5026 × 10 −1 , 7.4556 × 10 −1 , and 7.2562 × 10 −1 , respectively, for the uncontaminated data, the 0.01%-level contaminated data, the 0.1%-level contaminated data, and the 1%-level contaminated data. This is because the real parameter β * has been slightly perturbed by the noise on the observation data. Such influence becomes more obvious when the noise level increases.
Example 2. We consider Test II again and perform the same type of tests as in Example 1. The algorithm output β inv and approximation error |β * − β inv |, and iteration numbers of the optimization process are listed in Table 6 . For cases in which the data is uncontaminated and contaminated by random noise at a relative 1%-level, we plot the change of parameter errors and values of the objective function with respect to the number of iterations in Figures 5 and 6 , respectively. The same conclusions as that of Example 1 can be drawn in this case. Table 6 Numerical observation of β * = 0.75 with ǫ%-level noise-contaminated data in Example 2. 
Two Dimensional Cases
In this subsection, we consider an application of the ROM-based algorithm (Algorithm 4.1) for 2D TFPDEs (1) . A linear equation is considered in Example 3 and a nonlinear case is considered in Example 4. The goal of these tests is two-fold: we Figure 7 . Since the dimension is low, the computational cost for the online implementation would be greatly reduced.
As the linear algebraic systems are all symmetric and positive definite, during the tests we consider utilizing the preconditioned conjugate gradient (PCG) iterative solver. In Tables 7 and 8 , we show the numerical results for the parameter estimation problem based on FOM and ROM when the data is uncontaminated and contaminated by 1% level random noise, respectively. The ideal observation data and one example of a 1%-level noise are shown in Figure 8 . The error |β * − β inv | and the objective function F (β) versus the number of iterations for different initial guesses are plotted in Figures 9-10 , respectively.
It is seen that the proposed ROM-based algorithm achieves the same accuracy as the FOM-based L-M algorithm, and both algorithms converge after a few number of iterations. However, the CPU time of the former approach has obviously reduced from, for instance, 529 seconds to 34 seconds (the online time) for the latter one when the initial guess β 0 = 0.5 and data is free of noise. As the observation data is contaminated by 1%-level noise, the CPU time for the FOM could be greatly increased, while the ROM-based approach still consumes about 35 s to complete the optimization process. Of course, for large-scale or long-time modeling problems, the ROM-based approach will become more competitive. Example 4. Next, we consider a nonlinear TFPDE model (1) with Ω = [0, 1] 2 , T = 1, and µ = 1 0 0 2 , g(u) = u 3 and the source term
(37) such that the analytic solution is u(x, t) = (t 2+β + t 2 + 1) sin(2πx) sin(πy). The same spatial and temporal discretization as in Example 3 is used for this test. The set of parameter samples for constructing the POD/DEIM ROM is also selected to be the same as used in Example 3. We construct a 4-dimensional POD/DEIM ROM, which uses r = 4 leading POD basis functions as shown in Figure 11 , s = 10 nonlinear POD basis (the first four ones are plotted in Figure 12 ), and 10 DEIM points as shown in Figure 13 . The offline time of the reduced-order simulations is about 528 seconds.
The numerical results for the parameter identification problem based on FOM and ROM are listed in Tables 9-10 , for cases in which the data is uncontaminated and contaminated by 1% level random noise, respectively. The ideal observation data and one example of a 1%-level noise are shown in Figure 14 The proposed ROM-based algorithm achieves the same accuracy as the FOMbased L-M algorithm, and both algorithms converge after a few number of iterations. However, the CPU time of the former approach is dramatically decreased from, for instance, 2803 seconds to 9 seconds (the online time) for the latter one when the initial guess β 0 = 0.01 and data is free of noise. Similar speed-up factors are also obtained for the noise-contaminated data.
Conclusions
As a first step of investigations on the reduced-order modeling of fractional partial differential equations, a POD/DEIM-based reduced-order model is proposed for time-fractional diffusion problems in this paper. The numerical study on the reduced-order simulations shows that the POD/DEIM ROM is able to achieve the same accuracy as the full-order model, but greatly reduces the associated computational complexities. Motivated by realistic applications of the time-fractional diffusion problems, in which the fractional order β of TFPDEs is usually unknown a priori, we consider an inverse problem for parameter identification. Based on the POD/DEIM ROM of TFPDEs and the Levenberg-Marquardt algorithm, we developed a ROM-based optimization algorithm for seeking an optimal β so that our model output can match the experimental observations. Numerical tests verify the effectiveness of the proposed algorithm on both linear and nonlinear TFPDEs.
At the next step, we will extend the idea to more general FPDEs including the case of β > 1 and apply the proposed methods to the application problems in engineering and scientific computing. 
